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1. Introduction

Let M be a closed hyperbolic 3-manifold fibering over the circle with fiber F. Let F
and M denote the universal covers of F and M respectively. Then F and M are quasi-
isometric to H? and H? respectively. Now let D> = H?> US. and D = H? U SZ,
denote the standard compactlﬁcatlons In [CT85] Cannon and Thurston show that
the usual inclusion of F into M extends to a continuous map from D? to D3. This
was extended to Kleinian surface groups of bounded geometry without parabolics by
Minsky [Min94]. Bowditch [Bow(02a] [Bow02b] proved the Cannon-Thurston pro-
perty for bounded geometry surface groups with parabolics.

In [Mit98a], [Mit98b], [Mj05b], [Mj05c], [Mj05a], we have given a different
approach to the Cannon-Thurston problem. Though the theorems of Cannon-
Thurston, Minsky and Bowditch can be deduced from ours, it might be instructive to
write down a complete proof of these results. In some ways, the proof here is easier
and more minimalistic. Another reason for writing this paper is that Cannon and
Thurston’s original result [CT85] is unpublished. It seems only appropriate that the
theorem that motivated all the above results be available.

Much of what follows is true in the setting of hyperbolic metric spaces in the sense
of Gromov. We shall often state results in this generality.

2. Preliminaries

2.1 Hyperbolic metric spaces

We start off with some preliminaries about hyperbolic metric spaces in the sense of
Gromov [Gro85]. For details, see [CDA90], [GdIH90]. Let (X, d) be a hyperbolic
metric space. The Gromov boundary of X, denoted by 6X, is the collection of equi-
valence classes of geodesic rays r : [0,00) — X with r(0) = x¢ for some fixed

489



490 Mahan Mj

xo € X, where rays r; and r; are equivalent if sup{d(r1(¢), r2(t))} < oco. Let X = XU
0X denote the natural compactification of X topologized the usual way (cf. [GdIH90]
pg. 124).

The Gromov inner product of elements a and b relative to c is defined by

(a,b). =1/2[d(a,c) +d(b,c)—d(a,b)].

Definitions. A subset Z of X is said to be k-quasiconvex if any geodesic join-
ing a,b € Z lies in a k-neighborhood of Z. A subset Z is quasiconvex if it is
k-quasiconvex for some k. A map f from one metric space (Y, dy) into another metric
space (Z, dyz) is said to be a (K, €)-quasi-isometric embedding if

1
E(dy(yl, y2)) —€ <dz(f(y1), f(y2)) < Kdy(y1, y2) + €

If f is a quasi-isometric embedding, and every point of Z lies at a uniformly bounded
distance from some f(y) then f is said to be a quasi-isometry. A (K, €)-quasi-
isometric embedding that is a quasi-isometry will be called a (K , €)-quasi-isometry.

A (K, €)-quasigeodesic is a (K, €)-quasi-isometric embedding of a closed interval
inR. A (K, 0)-quasigeodesic will also be called a K -quasigeodesic.

Let (X, dx) be a hyperbolic metric space and Y be a subspace that is hyperbolic
with the inherited path metric dy. By adjoining the Gromov boundaries 0 X and Y to
X and Y, one obtains their compactifications XandY respectively.

Leti : Y — X denote inclusion.

Definition. Let X and Y be hyperbollc metrtc spaces and i : Y — X be an embed-
ding. A Cannon-Thurston map i from Y 1o X is a continuous extension ofi.

The following lemma says that a Cannon-Thurston map exists if for all M > 0 and
y € Y, there exists N > 0 such that if 4 lies outside an N ball around y in Y then
any geodesic in X joining the end-points of 1 lies outside the M ball around i (y) in
X. For convenience of use later on, we state this somewhat differently. The proof is
similar to Lemma 2.1 of [Mit98a].

Lemma 2.1. A Cannon-Thurston map from Y 10 X exists if the following condition is
satisfied.:

Given yg € Y, there exists a non-negative function M(N), such that M(N) — oo
as N — oo and for all geodesic segments 1. lying outside an N-ball around yy €
Y any geodesic segment in X joining the end-points of i (1) lies outside the M (N)-ball
around i(yg) € X.

Proof. Suppose i : Y — X does not extend continuously. Since i is proper, there
exist sequences X, y, € Y and p € 07, such that x,, - p and y,, — p in 17, but
i(xy) > uandi(yy,) — vin X, where u, v € 8X and u #0.

Since x,, — p and y,, — p, any geodesic in Y joining x,, and y,, lies outside an
Ny,-ball yg € Y, where N, — oo as m — o0. Any bi-infinite geodesic in X joining
u,v € 0X has to pass through some M-ball around i (yp) in X as u # v. There exist
constants ¢ and L such that for all m > L any geodesic joining i (x,,) and i(y,,) in
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X passes through an (M + c)-neighborhood of i (yg). Since (M + c¢) is a constant not
depending on the index m this proves the lemma. O

The above result can be interpreted as saying that a Cannon-Thurston map exists
if the space of geodesic segments in ¥ embeds properly in the space of geodesic
segments in X.

We shall be needing the notion of a tree of hyperbolic metric spaces [BF92].

Definition. A tree T of hyperbolic metric spaces satisfying the q(uasi) i(sometrically)
embedded condition is a metric space (X, d) admitting amap P : X — T onto a
simplicial tree T, such that there exist 6, € and K > 0 satisfying the following:

1. For all vertices v € T, X, = P~'(v) C X with the induced path metric d, is
a Jo-hyperbolic metric space. Further, the inclusions i, : X, — X are uniformly
proper; i.e. forall M > 0, there exists N > O such thatforallv € T andx,y € X,,
d(iy(x), iy (y)) < M implies dy(x, y) < N.

2. Let e be an edge of T with initial and final vertices v and vy respectively. Let X,
be the pre-image under P of the mid-point of e. Then X, with the induced path
metric is 0-hyperbolic.

3. There exist maps f, : X, x [0, 1] — X, such that f.|x,x(,1) is an isometry onto
the pre-image of the interior of e equipped with the path metric.

4. felx,xio0y and felx,xq1y are (K, €)-quasi-isometric embeddings into X, and X,,
respectively. felx,x(0) and felx,x{1} will occasionally be referred to as f,, and
fo, respectively.

d, and d, will denote path metrics on X, and X, respectively. i,, i, will denote
inclusion of X,, X, respectively into X.

A few general lemmas about hyperbolic metric spaces will be useful. We reproduce
the proofs here from [Mit98b].

Nearest point projections

The following Lemma says nearest point projections in a d-hyperbolic metric space
do not increase distances much. It is a standard fact that any geodesic metric space is
quasi-isometric to a graph [BH99]. In what follows, we shall often implicitly identify
spaces with their graph approximations. Further, graphs are declared to have edge
length one. Also, without loss of generality, we may look at functions restricted to the
vertex sets of these graphs.

Lemma 2.2. Let (Y, d) be a d-hyperbolic metric space and let u C Y be a geo-
desic segment. Let m : Y — u map y € Y to a point on u nearest to y. Then
d(z(x),m(¥)) < C3d(x,y) forall x,y € Y where C3 depends only on 6.

Proof. Let [a, b] denote a geodesic edge-path joining vertices a, b. Recall that the
Gromov inner product (a,b)., = 1/2[d(a,c) + d(b,c) — d(a, b)]. It suffices by
repeated use of the triangle inequality to prove the Lemma when d(x, y) < 1. Let
u,v, w be points on [x, w (x)], [x(x), x(y)] and [z (y), x] respectively such that
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d(u,n(x)) = d(v,x(x)), d(,z(y)) = d(w,n(y)) and d(w, x) = d(u,x). Then
(, m(Y))r@y = d(u,m(x)). Also, since Y is d-hyperbolic, the diameter of the
inscribed triangle with vertices u, v, w is less than or equal to 25 (See [ABCT91]).

du,x)+dw,v) >dx,7(x)) =du,x) +d@u, z(x))
=du,z(x)) <du,v) <20
= (6 T())g(y) < 20

Similarly, (y, 7 (x))z ) < 20.

ie. dix,t(x))+dx(x),n(y)) —d(x,x(y)) <46
and d(y,n(y)) +d(z(x),n(y)) —d(y,m(x)) <40

Therefore,

2d(z (x), m(y)) <85 +d(x, 7 (y)) —d(y,n(y)) +d(y, m(x)) — d(x, 7w (x))
<8 +dx,y)+d(x,y)
<8+2

Hence d(z (x), 7 (y)) < 40 + 1. Choosing C3 = 40 + 1, we are through. O

Lemma 2.3. Let (Y, d) be a d-hyperbolic metric space. Let u be a geodesic segment
in Y with end-points a, b and let x be any vertex in Y. Let y be a vertex on u such
that d(x, y) < d(x, z) for any z € u. Then a geodesic path from x to y followed by a
geodesic path from y to z is a k-quasigeodesic for some k dependent only on é.

Proof. Asin Lemma 2.2, let u, v, w be points on edges [x, y], [y, z] and [z, x] respec-
tively such that d(u, y) = d(v, ), d(v, z) = d(w, z) and d(w, x) = d(u, x). Then
d(u,y) = (z, x)y < 26 and the inscribed triangle with vertices u, v, w has diameter
less than or equal to 26 (See [ABC191]). [x, y]U [y, z] is a union of 2 geodesic paths
lying in a 46 neighborhood of a geodesic [x, z]. Hence a geodesic path from x to y
followed by a geodesic path from y to z is a k-quasigeodesic for some k dependent
only on J. O

Lemma 2.4. Suppose (Y,d) is a o-hyperbolic metric space. If u is a (ko, €o)-
quasigeodesic in Y and p, q, r are 3 points in order on u then (p, r)g < ki for some
k1 dependent on kg, €y and 0 only.

Proof. [a, b] will denote a geodesic path joining a, b. Since p, g, r are 3 points in
order on u, [p, q] followed by [g, r] is a (K, €')-quasigeodesic in the d-hyperbolic
metric space Y where (k’, ¢") depend only on d, ko, €9. Hence there exists a k; depen-
dent on kg, €p and J alone such that d(q, [p, r]) < k1. Let s be a point on [p, ] such
that d(q,s) = d(q, [p, r]) < k1. Then

(pvr)q = I/Z(d(p, q)+d(r>q) —d(p,r))

=1/2(d(p,q) +d(r,q) —d(p,s) —d(r,s))
<d(q,s) < k. O
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Figure 1. Quasi-isometries and nearest point projections almost commute.

2.2 Stability of tripods, or NPP’s and QI’s almost commute

A crucial property of hyperbolic metric spaces is stability of quasigeodesics, i.e. any
quasigeodesic (in particular an image of a geodesic under a quasi-isometry) lies in a
bounded neighborhood of a geodesic. This property can be easily extended to quasi-
convex sets [GAIH90] [CDA90]. Here we are interested in a particular kind of quasi-
convex set, the tripod. In general, a tripod is a union of three geodesic segments,
all of which share a common end-point. It is easy to see (for instance by thinness
of triangles) that a tripod is quasiconvex. We shall be interested in a special kind of
a tripod. Let [a, b] be a geodesic in a hyperbolic metric space X. Let x € X be
some point. Let p be a nearest point projection of x onto [a, b]. We shall look at
tripods of the form [a, b] U [x, p]. We shall show that such tripods are stable under
quasi-isometries.

However, we shall interpret this differently to say that nearest point projections
and quasi-isometries in hyperbolic metric spaces ‘almost commute’. The following
Lemma says precisely this: nearest point projections and quasi-isometries in hyper-
bolic metric spaces ‘almost commute’.

Lemma 2.5. Suppose (Y, d) is o-hyperbolic. Let | be some geodesic segment in Y
joining a, b and let p be any vertex of Y. Also let q be a vertex on ui such that
d(p,q) <d(p,x)forx € uy. Let ¢ be a (K, €)-quasi-isometry from Y to itself. Let
W2 be a geodesic segment in Y joining ¢ (a) to ¢(b) for some g € S. Let r be a point
on uy such that d(¢p(p), r) < d(p(p), x) for x € us. Then d(r, p(q)) < C4 for some
constant Cy4 depending only on K, € and 0.

Proof. Since ¢(u1) is a (K, €)-quasigeodesic joining ¢(a) to ¢(b), it lies in a
K’-neighborhood of py where K’ depends only on K, €, d. Let u be a point in ¢ (1)
lying at a distance at most K’ from r. Without loss of generality suppose that u lies
on ¢([g, b]), where [g, b] denotes the geodesic subsegment of u; joining g, b. [See
Figure 1 below.]

Let [p, g] denote a geodesic joining p, q. From Lemma 2.3 [p,q] U [g, b] is a
k-quasigeodesic, where k depends on J alone. Therefore ¢([p, q]) U ¢ (g, b]) is
a (Ko, €9)-quasigeodesic, where Ko, €g depend on K, k, €. Hence, by Lemma 2.4
(@(p), u) (g < K1, where K depends on K, k, € and J alone. Therefore,
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(@ (P): Mg = 1/2ld($(p), #(q)) + d(r, $(q)) — d(r, ¢(p))]
< 1/2[d(¢(p), ¢(q)) + d(u, $(q)) +d(r, u)
—d(u,¢(p)) +d(r,u)]
= (9(P), w)y(q) +d(r,u)
<K +K'

There exists s € up such that d(s, ¢(q)) < K'.

(p(p),r)s =1/2[d(¢(p),s) +d(r,s) — d(r,$(p))]

< 1/2[d(¢(p), ¢(q)) +d(r, ¢ (q)) — d(r, p(p))] + K’
= (p(P) )y + K’

<K +K +K

=K + 2K’

A

Also, as in the proof of Lemma 2.2 (¢ (p), s), < 20

d(r,s) = (¢(p), s),+(¢(p), r)s
< K14+2K'+26
d(r, $(q)) < K1+2K'+26 +d(s, $(q))
< K1+2K'+20+K’

Let C4 = K1+3K' + 20. Then d(r, ¢(q)) < C4 and Cy is independent of a, b, p.
O

3. Rays of spaces and hyperbolic ladders

3.1 Trees of hyperbolic metric spaces

In this section, we shall consider trees T of hyperbolic metric spaces satisfying the
gi-embedded condition. (X, dy) will denote the space that is a tree of hyperbolic
metric spaces. Our trees will be rather special.

e T will either be a ray [0, co) or a bi-infinite geodesic (—oo, c0).

The vertices of 7' will be the integer points j € {0} U N or Z according as T is
[0, 00) or (—o0, 00). The edges will be of the form [, j + 1]. All the vertex and edge
spaces will be abstractly isometric and identified with a fixed hyperbolic metric space
Y. The vertex space over j will be denoted as Y, and the edge space over [, j + 1]
will be denoted as Y,;. There are two gi-embeddings of Y, ;, one into ¥; (denoted i ;¢),
and the other into ¥; 4 (denoted i ;). We shall demand:
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1. ijo is the identity map for all j, i.e the identification of Y; and Y,; with Y is the
same
2. There exist K, € such that for all j,i;; is a (K, €) quasi-isometry between Y,; and

Y.

Thus, the tree T is assumed rooted at 0, and maps are described on this basis.

This induces a map ¢; from Y; to Y; | which is a uniform (K, €) quasi-isometry
for all j. Let @; denote the induced map on geodesics. So @ ;([a, b]) is a geodesic
in Y1 joining ¢;(a), ¢;+1(D). ¢j_1 and d)]fl will denote the quasi-isometric inverse
of ¢; and the induced map on geodesics respectively. We shall assume that the quasi-
isometric inverse gzﬁj_l is also a (K, €) quasi-isometry. (Note that gzﬁj_l is just a notation
for the quasi-isometric inverse of ¢ and is not necessarily a set-theoretic inverse.)

e The space Y in question will also be quite special. Y will either be the universal
cover of a closed hyperbolic surface (hence the hyperbolic plane), or the uni-
versal cover of a finite volume hyperbolic surface minus cusps.

The first case, where Y is H? will be necessary when we prove the results of
Cannon-Thurston[CT85] and Minsky [Min94]. The second case, where Y is H?2
minus an equivariant collection of horodisks, will be useful while proving a result of
Bowditch [Bow02a].

3.2 Hyperbolic ladders

Given a geodesic 4 = A9 C Yo, we shall now construct a hyperbolic ladder B, C X
containing 1¢. We shall then prove that B is uniformly quasiconvex (independent of
A). Inductively define:

ﬂ.j.,.]:q)j(lj) for j=>0
lj-1=07'0)) for j<0

B,{=Uij
i

[See Figure 2 below.]

Figure 2. The hyperbolic ladder.
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To prove quasiconvexity, we construct a retraction IT; from (J jYj onto B; that
fixes B, and does not stretch distances much. So I1, is a ‘quasi-Lipschitz’ map.

On Y; define 7;(y) to be a nearest-point projection of y onto A;. Thus,
dy;(y,mj(y)) < dy;(y,2) forall z € 4;.

Next, define

(y) ==j(y) for yeY;.

We shall choose a collection of admissible paths in X, such that any path in X can
be uniformly approximated by these. An admissible path in X is a union of paths of
the following forms:

1. Paths lying in Y; for some j.
2. Paths of length one joining y € Y; to ¢;(y) € Y41 for j > 0.
3. Paths of length one joining y € Y to ¢j_1(y) €Y; qforj<0.

Note. Any path in X can be uniformly approximated by an admissible path.

Definition. An admissible geodesic is an admissible path that minimizes distances
amongst admissible path.

We are now in a position to prove the main technical theorem of this paper.

Theorem 3.1. There exists Co > 0 such that dx (I1;(x), I1,(y)) < Codx(x, y) for
X,y € Ui Y;. Further, given 6 > 0, there exists C > 0 such that if X is o-hyperbolic,
then B is C-quasiconvex.

Proof. 1t suffices to prove the the theorem when dx (x, y) < 1.

Case (a). x, y € Y; for some j:
From Lemma 2.2, there exists C3 such that dy, (z j(x), 7 ; (y)) < C3. Since embed-
dings of Y; in X are 1-Lipschitz (edges go to edges), dx (I1;(x), I1,(y)) < Cs.

Case (b). x e Yjand y = ¢;(x) € Y for some j > 0:
By Lemma 2.5, there exists C4 > 0 such that

dy(¢j(m;(x)), wj1+1(¢;(x))) < C4

Unravelling definitions, and using the uniformity of the embedding of ¥; in X,
d(I1;(x), () < C4 + 1.

Case(c). x € Yjandy = ¢j_1(x) € Y;_ for some j < 0:
The argument is just as in Case(b) above.

Finally, to prove quasiconvexity of B;, we consider any two points a,b € B;.
Let u be a geodesic in X joining a, b. Then by the above argument, IT;(« N |J j Y;)
is a ‘dotted (K, €)-quasigeodesic’ for some K, €, i.e. a quasigeodesic which is not
necessarily connected. Note that by our definition of a quasigeodesic (viz. a quasi-
isometric image of an interval in R) a dotted quasigeodesic is a quasigeodesic. Since
X is d-hyperbolic, there exists C > 0 such that the geodesic u lies in a C neighbor-
hood of I1;(« N Y j Y;). Further, since the latter lies on B;, we conclude that B; is
C-quasiconvex. O



Cannon-Thurston Maps and Bounded Geometry 497

Note. Suppose instead of being geodesics A; are all (Ky, €y)-quasigeodesics in each
Y;. Then observe that the Theorem 3.1 still goes through, and the union B; (in this
case of quasigeodesics) of /; is still a retract of | J; ¥;.

The following lemma gives us a method of finding an admissible path from 4; to
Ao, whose length is of the order of j.

Lemma 3.2. There exists A > 0, such that if a € Aj for some j then there exists
b € i(A) = Ao such that dx(a, b) < Aj.

Proof. 1t suffices to prove that for j > 1, there exists A > 0 independent of j such
that if p € A;, there exists ¢ € (4;—1) with d(p,q) < A. A symmetric argument
works for j < —1.

By construction, 4; = ®;(4;_1). Since ¢; is a (K, €) quasi-isometry for all j,
there exists C such that ¢j_1 (p) lies in a C; neighborhood of 4 ;. Hence, there exists
g € Aj suchthatd(q, p) < 1+ Cy. Choosing A = C; + 1 we are through. O

Remark. Note that Lemma 3.2 also goes through when each 1; is a (Ky, €y)-
quasigeodesic in Y; for all i.

The main theorem of this section follows:

Theorem 3.3. Let (X, d) be a tree (T) of hyperbolic metric spaces satisfying the
qi-embedded condition. Suppose in addition that T is either R or [0, 0c0) with the
usual vertex and edge sets Y, for j integers. If X is hyperbolic, then i : Yo — X
extends continuously 0i: f/;) - X.

Proof. To prove the existence of a Cannon-Thurston map, it suffices to show (from
Lemma 2.1) that for all M > 0 and yg € Yy there exists N > 0 such that if a geodesic
segment A lies outside the N-ball around yg € Yy, B, lies outside the M-ball around
yo € X.

To prove this, we show that if 1 lies outside the N-ball around yg € Yy, B, lies
outside a certain M (N)-ball around yg € Yo C X, where M(N) is a proper function
from N into itself.

Since Yy is properly embedded in X there exists f(N) such that i (1) lies outside
the f(NNV)-ball around yg in X and f(N) - ocoas N — oo.

Let p be any point on B,. Then p € Y; for some j. There exists y € A = A¢ such
that dx (y, p) < Aj by Lemma 3.2. Therefore,

dx(yo, p) = dx(y0,y) — Aj
= f(N)—Aj
By our choice of metric on X,
dx(y0, p) = j
Hence
d(xo, p) = max(f(N) — Aj, j)

JN)
A+1

=
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From Theorem 3.1 there exists C independent of 4 such that B; is a C-quasiconvex
set containing A. Therefore any geodesic joining the end-points of A lies in a
C-neighborhood of B;.

Hence any geodesic joining end-points of A lies outside a ball of radius M(N)

where
N
oo = S0
A+1
Since f(N) — oo as N — o0 so does M(N). |

4. Closed surface groups of bounded geometry:
Theorems of Cannon-Thurston and Minsky

4.1 Three manifolds fibering over the circle

Now, let M be a closed hyperbolic 3-manifold, fibering over the circle with fiber F.
Then the universal cover M may be regarded as a tree T’ of spaces, where 7 = R, and
where each vertex and edge set is F.Thus X is M , which is quasi-isometric to H3 and
Y is F which is quasi-isometric to H2. Further, ¢; can all be identified with & where
¢ is the pseudo-anosov monodromy of the fibration. Then as a direct consequence
of Theorem 3.3, we obtain the following theorem of Cannon and Thurston, which
motivated much of the present work.

Theorem 4.1 (Cannon-Thurston [CT85]). M be a closed hyperbolic 3-manifold,
fibering over the circle with fiber F. Let i : H?> — H3 denote the inclusion of F into
M (where F and M are identified with H? and H3 respectively. Then i extends con-
tinuously to a map i : D? —> D3 where D* and D? denote the compactifications of
H? and H3 respectively.

4.2 Closed surface Kleinian groups

In this section we apply Theorem 3.3 to geometrically tame closed groups of bounded
geometry.

The convex core of a hyperbolic 3-manifold N (without cusps) is the smallest
convex submanifold C(N) C N for which inclusion is a homotopy equivalence. If an
€ neighborhood of C(N) has finite volume, N is said to be geometrically finite. Sup-
pose N = H3/p(x(S)) for a closed surface S. We say that an end of N is geomet-
rically finite if it has a neighborhood missing C(N). N is simply degenerate if it has
only one end E; if a neighborhood of E is homeomorphic to § x R; and if, in addition,
there is a sequence of pleated surfaces homotopic in this neighborhood to the inclu-
sion of §, and exiting every compact set (This last condition is automatic by Bonahon
[Bon86]. N is called doubly degenerate if it has two ends, both of which are simply
degenerate. For a more detailed discussion of pleated surfaces and geometrically tame
ends, see [Thu80] or [Min92].
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Let injy(x) denote the injectivity radius at x € N. N is said to have bounded
geometry if there exists ¢g > 0 such that injy(x) > € for all x € N. In order to
apply Theorem 3.3 we need some preliminary Lemmas.

Let E be a simply degenerate end of N. Then E is homeomorphic to S x [0, 00)
for some closed surface S of genus greater than one.

Lemma 4.2 ([Thu80]). There exists Dy > 0 such that for all x € N, there exists a
pleated surface g : (S, o) — N with g(S) N Bp, (x) # 0.

The following Lemma follows easily from the fact that injy (x) > €:

Lemma 4.3 ([Bon86], [Thu80]). There exists Dy > 0 such thatif g : (S,0) — N is
a pleated surface, then dia(g(S)) < D.

The following Lemma due to Minsky [Min92] follows from compactness of pleated
surfaces.

Lemma 4.4 ([Min92)). Fix S and € > 0. Given a > 0 there exists b > 0 such that
ifg:(S,0) > Nand h : (S, p) = N are homotopic pleated surfaces which are
isomorphisms on w1 and injy (x) > € for all x € N, then

dn(g(S), h(S)) < a = drich(o, p) < b,
where dpicn, denotes Teichmuller distance.

Definition. 7he universal curve over X C Teich(S) is a bundle whose fiber over
x € X is x itself. [McMOI]

Lemma 4.5. There exist K, € and a homeomorphism h from E to th~e universal curve
S, over a Lipschitz path y in Teichmuller space, such that h from E to the universal
cover of S, is a (K, €)-quasi-isometry.

Proof. We can assume that S x {0} is mapped to a pleated surface Sy C N under the
homeomorphism from § x [0, c0) to E. We shall construct inductively a sequence of
‘equispaced’ pleated surfaces S; C E exiting the end. Assume that Sy, ..., S, have
been constructed such that:

If E; be the non-compact component of E\S;, then Sj;; C E;.

Hausdorff distance between S; and S;4 is bounded above by 3(D; + D»).
dn(Si, Si+1) = D1 + Ds.

From Lemma 4.4 and condition (2) above there exists D3 depending on D1, D;
and S such that dpicn(Si, Si+1) < D3

bl e e

Next choose x € E,, such that dy(x, S,) = 2(D; + D3). Then by Lemma 4.2,
there exists a pleated surface g : (S,7) — N such that dy(x, g(S)) < Dj. Let
Sn+1 = g(8). Then by the triangle inequality and Lemma 4.3, if p € S, and g € S, 41,

Dy + Dy <dn(p,q) < 3(Dy + D»).

This allows us to continue inductively. The Lemma follows. O
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Note that in the above Lemma, pleated surfaces are not assumed to be embedded.
This is because immersed pleated surfaces with a uniform lower bound on injectivity
radius are uniformly quasi-isometric to the corresponding Riemann surfaces.

Since there are exactly one or two ends E;, we have thus shown:

Lemma 4.6. The hyperbolic metric space C{(\JV) is quasi-isometric to a tree (T) of
hyperbolic metric spaces satisfying the qi-embedded condition, where T is either
[0, 00) (simply degenerate) or R (doubly degenerate).

Applying Theorem 3.3, we obtain the following theorem of Minsky:

Theorem 4.7 (Minsky [Min94]). Let I' = p(71(S)) be a closed surface Kleinian
group, such that H3 /T = M has injectivity radius uniformly bounded below by some
€ > 0. Then there exists a continuous map from the Gromov boundary of T (regarded
as an abstract group) to the limit set of T in Sgo.

Since a continuous image of a compact locally connected set is locally con-
nected [HY61], and since the limit set of I" is a continuous image of the circle, by
Theorem 3.3, we have:

Corollary 4.8. Suppose T is a closed surface Kleinian group, such that N = H3/ T’
has bounded geometry, i.e. injy(x) > € for all x € N. Then the limit set of T is
locally connected.

5. Punctured surface groups of bounded geometry: A theorem of
Bowditch

5.1 Outline of proof

In [Bow02a] [Bow02b], Bowditch proved the existence of Cannon-Thurston maps
for punctured surface groups of bounded geometry using some of the ideas from
[Mit98b]. We give below a different proof of the result, which is in some ways simpler.
First, a sketch.

Let N” be a bounded geometry 3-manifold corresponding to a representation of the
fundamental group of a punctured surface S”. Excise the cusps (if any) of N” leaving
us a manifold that has one or two ends. Let N denote N” minus cusps. Then N is
quasi-isometric to the universal curve over a Lipschitz path in Teichmuller space from
which cusps have been removed. This path is semi-infinite or bi-infinite according as
N is one-ended or two-ended. Fix a reference finite volume hyperbolic surface S”.
Let S denote S” minus cusps. Then Sis quasi-isometric to the Cayley graph of 71 (S)
which is (Gromov) hyperbolic. We fix a base surface in N and identify it with S. Now
look atS C N.Let A = [a, b] be a geodesic segment in S. We ‘flow’ 1 out the end(s)
of N to generate the hyperbolic ladder-like set B, as in the proof of Theorem 3.1.

Theorem 3.1 ensures that there is a retraction from N to B , which does not increase
distances much. From this it follows that B, is quasi-isometrically embedded in N.
Recall that for the construction of B, we only require the hyperbolicity of S and not
that of N.
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Now if A lies outside a large ball about a fixed reference point p in S, then so does
B, in N. Since B; is g.i. embedded in N, there exists an ambient N - -quasigeodesic u
lying in a bounded neighborhood of B; joining the end-points of A. If $” had no cusps,
as in the case for closed surfaces, we could immediately conclude that for any geodesic
segment A in S” lying outside large balls around p, there is a quasigeodesic in N”
joining its endpoints and lying outside a large ball around p in N”. However, since sh
has cusps, S” and S are different. So a little more work is necessary. Suppose as before
that 1 is a geodesic in S” lying outside a large ball around p. For ease of exposition
we assume that the end-points of 1¢ lie outside cusps. Let 4 C S be the geodesic in
(the path-metric on) S joining the same pair of points. Then off horodisks, 1g and A
track each other. Construct B as before, and let 4 be an ambient quasigeodesic in
N lying in a bounded neighborhood of B; joining the end-points of 4. Then, modulo
horoballs in N”, u lies outside a large ball around p. Let u¢ be the hyperbolic geodesic
joining the end points of w. Off horoballs, ¢ and ug track each other. Hence, off
horoballs, uq lies outside large balls about p. The points at which ¢ enters and leaves
a particular horoball therefore lie outside large balls about p. But then the hyperbolic
segment joining them must do the same. This shows that uo must itself lie outside
large balls around p. As before we conclude that there exists a continuous extension
of the inclusion of S” into N" to the boundary. The remaining part of this section
fleshes out this argument.

5.2 Relative hyperbolicity

We shall be requiring certain properties of hyperbolic spaces minus horoballs. These
were studied by Farb [Far98] under the garb of ‘electric geometry’. We combine
Farb’s results with a version that is a (slight variant of) theorem due to McMullen
(Theorem 8.1 of [McMO1]).

Definition. A pathy : I — Y to a path metric space Y is an ambient K-quasigeodesic
if we have
L() < KL(A)+ K

for any subsegment p = y|la, b] and any path A : |a, b] — Y with the same end-
points.

The following definitions are adapted from [Far98]

Definition. Let M be a convex hyperbolic manifold. Let Y be the universal cover
of M minus cusps and X = M. y is said to be a K-quasigeodesic in X without
backtracking if

e y is a K-quasigeodesic in X

e y does not return to any horoball H after leaving it.

Definition. y is said to be an ambient K -quasigeodesic in Y without backtrack-
ing if
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e y is an ambient K -quasigeodesic in Y.

e y is obtained from a K -quasigeodesic without backtracking in X by replacing each
maximal subsegment with end-points on a horosphere by a quasigeodesic lying on
the surface of the horosphere.

Note that in the above definition, we allow the behavior to be quite arbitrary on
horospheres (since Euclidean quasigeodesics may be quite wild); however, we do not
allow wild behavior off horoballs.

Remark. Our definition of ambient quasigeodesic without backtracking does not
allow a path to follow a horosphere for a long distance without entering it. This is
a point where the definition differs from the usual definition of an ambient quasi-
geodesic.

Br(Z) will denote the R-neighborhood of the set Z.

Let H be a locally finite collection of horoballs in a convex subset X of H" (where
the intersection of a horoball, which meets X in a point, with X is called a horoball
in X). The following theorem is due to McMullen [McMO1].

Theorem 5.1 ((McMO1]). Lety : I — X\ |JH = Y be an ambient K -quasigeodesic
for a convex subset X of H" and let H denote a collection of horoballs. Let n be
the hyperbolic geodesic with the same endpoints as y. Let H(n) be the union of
all the horoballs in 'H meeting n. Then n U H(n) is (uniformly) quasiconvex and
y(I) C Br(n U H(n)), where R depends only on K.

Theorem 5.1 is similar in flavor to certain theorems about relative hyperbolicity a
la Gromov [Gro85], Farb [Far98] and Bowditch [Bow97]. We give below a related
theorem that is derived from Farb’s ‘Bounded Horosphere Penetration’ property.

Let y; = pgq be a hyperbolic K-quasigeodesic without backtracking starting from
a horoball Hy and ending within (or on) a different horoball H,. Let y = [a, b] be
the hyperbolic geodesic minimizing distance between Hy and Hj. Following [Far98]
we put the zero metric on the horoballs that y penetrates. The resultant pseudo-metric
is called the electric metric. Let 7" and 7] denote the paths represented by y and y;
respectively in this pseudometric. It is shown in [Far98] that y, 7 and 7] have similar
intersection patterns with horoballs, i.e. there exists Cq such that

ol If only one of y and 7] penetrates a horoball H, then it can do so for a distance
< Cyp.

o2 If both 77 and y enter (or leave) a horoball H then their entry (or exit) points are
at a distance of at most Cy from each other. [Here by ‘entry’ (resp. ‘exit’) point
of a quasigeodesic we mean a point at which the path switches from being in the
complement of or ‘outside’ (resp. in the interior of or ‘inside’) a closed horoball
to being zinside (resp. outside) it].

The point to observe here is that quasigeodesics without backtracking in our defi-
nition gives rise to quasigeodesics without backtracking in Farb’s sense. Since this is
true for arbitrary y; we give below a slight strengthening of this fact. Further, by our
construction of ambient quasigeodesics without backtracking, we might just as well
consider ambient quasigeodesics without backtracking in place of quasigeodesics.
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Theorem 5.2 ([Far98]). Given C > 0, there exists Co such that if

o1 either two quasigeodesics without backtracking y1, y2 in X, OR

o2 two ambient quasigeodesics without backtracking y1, y2 in Y, OR

o3 y| —an ambient quasigeodesic without backtracking in Y and y, — a quasigeodesic
without backtracking in X,

start and end

o1 either on (or within) the same horoball OR

o2 a distance C from each other then they have similar intersection patterns with
horoballs (except possibly the first and last ones), i.e. there exists Co such that

el If only y| penetrates or travels along the boundary of a horoball H, then it can do
so for a distance < Cy.

o2 [f both y1 and y, enter (or leave) a horoball H then their entry (or exit) points are
at a distance of at most Cq from each other.

5.3 Horo-ambient quasigeodesics

A special kind of quasigeodesic without back-tracking will be necessary. We start
with a hyperbolic geodesic A" in S". Fix a neighborhood of the cusps lifting to an
equivariant family of horoballs in the universal cover H? = Sh. Since A" is a hyper-
bolic geodesic in S” there are unique entry and exit points for each horoball that
2" meets and hence unique Euclidean geodesics joining them on the corresponding
horosphere. Replacing the segments of A" lying inside Z-horoballs by the correspond-
ing Euclidean geodesics, we obtain an ambient quasigeodesic A in My as a conse-
quence of Theorem 5.1 (See Corollary 5.3 and figure below):

Ambient quasigeodesics obtained by this kind of a construction will be termed
horo-ambient quasigeodesics to distinguish them from electro-ambient quasigeodes-
ics defined earlier.

The following Corollary of Theorem 5.1 justifies the terminology.

Corollary 5.3. There exists K, €, such that any horo-ambient quasigeodesic in Y is
indeed a K, € ambient quasigeodesic in Y.

Figure 3. Horo-ambient quasigeodesics.
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Proof. Let [a, b];, be a hyperbolic geodesic in X joining a, b, where a, b lie outside
horoballs. Let [a, b]j, be the horo-ambient quasigeodesic in Y joining a, b. Let [a, b],
be the ambient geodesic in Y joining a, b. Then by Theorem 5.1,there exists R >
0, such that [a, b], lies in an R-neighborhood of [a, b];, U H(#n). Project [a, b],
onto [a, b]y U H(n) using the nearest point projection in X. Removing the back-
tracking induced, we get some K, € depending on R such that the image is an ambi-
ent quasigeodesic without backtracking in our sense. Clearly, such an ambient quasi-
geodesic coincides with [a, b]p, off horoballs H (7). Since the interpolating segments
in [a, b]p, on any horoball in H(#) are Euclidean geodesics, the result follows. O

5.4 Trees of spaces

We want to first show that the universal cover of N minus Z-cusps is quasi-isometric
to a tree of hyperbolic metric spaces.

Let E” be a simply degenerate end of N”. Then E” is homeomorphic to S” x [0, c0)
for some surface S” of negative Euler characteristic. Cutting off a neighborhood of
the cusps of S” we get a surface with boundary denoted as S. Let E denote E minus
a neighborhood of the Z-cusps. We assume that each Z-cusp has the standard form
coming from a quotient of a horoball in H? by Z. Also, we shall take our pleated sur-
faces to be such that the pair (S, cusps) is mapped to the pair (E, cusps) for each
pleated S”. We shall now show that each E is quasi-isometric to a ray of hyperbolic
metric spaces satisfying the g-i embedded condition. Each edge and vertex space will
be a copy of S and the edge to vertex space inclusions shall be quasi-isometries.
Note that each S can be thought of as a copy of H? minus an equivariant family
of horodisks. The following Lemmas are generalizations to punctured surfaces of
Lemmas 4.2, 4.3, 4 .4.

Lemma 5.4 ([Thu80]). There exists D1 > 0 such that for all x € E, there exists a
pleated surface g : (S",0) — E" with g(S) N Bp, (x) # 0. Also g maps (S, cusps)
to (E, cusps).

Lemma 5.5 ([Bon86], [Thu80]). There exists D> > 0 such that if g : (Sh, o) —> N

is a pleated surface, then the diameter of the image of S is bounded, i.e. dia(g(S)) <
D;.

The following Lemma due to Thurston (Theorems 9.2 and 9.6.1 of [Thu80]) and
Minsky [Min92] follows from compactness of pleated surfaces.

Lemma 5.6 ((Min92]). Fix S" and € > 0. Given a > 0 there exists b > 0 such that if
g: (8", 6) > E"andh : (S", p) — E" are homotopic pleated surfaces which are
isomorphisms on 1 and E" is of bounded geometry, then

de(g(S), h(S)) < a = drpicn(o, p) < b,
where dpicr, denotes Teichmuller distance.

In [Min92] a specialization of this statement is proven for closed surfaces. However,
the main ingredient, a Theorem due to Thurston is stated and proven in [Thu80]
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(Theorems 9.2 and 9.6.1 — "algebraic limit is geometric limit’) for finite area surfaces.
The arguments given by Minsky to prove the above Lemma from Thurston’s Theorems
(Lemma 4.5, Corollary 4.6 and Lemma 4.7 of [Min92]) go through with very little
change for surfaces of finite area.

Construction of equispaced pleated surfaces exiting the end

We next construct a sequence of equispaced pleated surfaces S” (i) C E" exiting the
end as before. Assume that S”(0), . .., §”(n) have been constructed such that:

1. (S(i), cusps) is mapped to (E, cusps)

2. If E(i) be the component of E\S(i) for which E(i) is non-compact, then

SGE+1)cC EQ@).

Hausdorff distance between S(i) and S(i + 1) is bounded above by 3(D + D>).

dg(S@), S+ 1)) = Dy + D,.

5. From Lemma 5.6 and condition (3) above there exists D3 depending on D1, D;
and S such that dz;c,(S(@i), S(i + 1)) < Ds.

B w

Next choose x € E(n), such that dg(x, S,) = 2(D1 + D3). Then by Lemma 5.4,
there exists a pleated surface g : (S",7) — E’ such that dg(x, g(S)) < Dj. Let
S"(n + 1) = g(8™). Then by the triangle inequality and Lemma 5.5, if p € S(n) and
geSn+1),

Dy + Dy <dg(p, q) <3(D1 + D).

This allows us to continue inductively. S(i) corresponds to a point x; of Teich(S).
Joining the x;’s in order, one gets a Lipschitz path in Teich(S).

Definition. A sequence of pleated surfaces satisfying conditions (1-5) above will be
called an equispaced sequence of pleated surfaces. The corresponding sequence of
S(i) C E will be called an equispaced sequence of truncated pleated surfaces.

Each S(i) being compact (with or without boundary), S’—(T) is a hyperbolic metric
space. We can think of the universal cover E of E as being quasi-isometric to a ray
T of hyperbolic metric spaces by setting T = [0, 00), with vertex set V = {n : n €
N U {0}}, edge set € = {[n—1,n] : n € N}, X;, = S(n) = Xjn—1,4]. Further,
by Lemma 5.6 this tree of hyperbolic metric spaces satisfies the quasi-isometrically
embedded condition. We have thus shown

Lemma 5.7. If E" be a simply degenerate end of a hyperbolic 3 manifold N" with
bounded geometry, then there is a sequence of equispaced pleated surfaces exiting E"
and hence a sequence of truncated pleated surfaces exiting E. Further, E is quasi-
isometric to a ray of hyperbolic metric spaces satisfying the q.i. embedded condition.

5.5 Construction of B;: modifications for punctured surfaces

Now, let N” be a bounded geometry 3-manifold corresponding to a representation of
the fundamental group of a punctured surface S”. Excise the cusps (if any) of N
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leaving us a manifold that has one or two ends. Let N denote N minus cusps. Fix a
reference finite volume hyperbolic surface S”. Let S denote S” minus cusps. Then S
is quasi-isometric to the Cayley graph of 7 (S) which is (Gromov) hyperbolic, in fact
quasi-isometric to a tree. We fix a base surface in N and identify it with S. Now look
atS C N.

Then, by Lemma 5.7 N is quasi-isometric to a tree T of hyperbolic metric spaces.
Each of the vertex and edge spaces is a copy of S. Also, the map ¢; induced from
S x {i} to S x {i + 1} is a (K, €)-quasi-isometry for all i as are their quasi-isometric
inverses. Further, T is a semi-infinite or bi-infinite interval in R according as N is one-
ended or two-ended. So far, this is exactly like the case for closed surfaces. But here,
we can assume in addition that each ¢; is the restriction of a map ¢h from S" x {i} to
Shx {i + 1} which preserves horodisks. Let (Dh denote the induced map on hyperbolic
geodesics and let @; denote the induced map on horo-ambient geodesics.

Let A" be a hyperbolic geodesic segment in S". Let 1 be the horo-ambient quasi-
geodesic in Sij joining the end-points of A".

Starting with a horo-ambient quasigeodesic 41 C S, we can now proceed as in the
proof of Theorem 3.1 to construct the hyperbolic ladder-like set B;.

There is only one difference: Each 4; in this situation is a horo-ambient
quasigeodesic, and not necessarily a hyperbolic geodesic. Thus, we set 1 = g to
be some horo-ambient quasigeodesic in S =S x {0}. Next, (for i > 0), inductively,
set A;+1 to be the (unique) horo-ambient quasigeodesic in Sx {i +1) joining the
end-points of ¢; (1;). That is to say, A;+1 = ®;(4;). Similarly, fori < 0.

Note that Corollary 5.3 ensures that there exist Ko, €p such that each 4; is a
(Ko, €0)-quasigeodesic in S x {i}.

Then Theorem 3.1 (or more precisely, the Note following it) ensures that there is a
retraction from N to B ; which does not increase distances much. From this it follows
that B; is quasi-isometrically embedded in N. Recall that for the construction of B;,
we only require the hyperbolicity of § and not that of N.

As before, (by projecting a geodesic in N onto B;) we obtain an ambient quasi-
geodesic contained in B joining the end-points a, b of 4.

Let

e p" = geodesic in NP joining a, b _
. ﬂgmb = horo-ambient quasigeodesic in N obtained from ,B}il)y replacement of

hyperbolic by ‘Euclidean’ geodesic segments for horoballs in N’
o Bamp = Hl(ﬂgmb)

5.6 Quasigeodesic rays

Let Z¢ denote the union of the segments of 4; which lie along horocycles and let
Al =2 — 28 Let

BE = U,'/ll-c
Bff = U,'/l?
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We want to show that for all x € Bi’ there exists a C-quasigeodesic r, : {0}UN —
Bi’ such that x € r, ({0} UN) and r, (i) € /If. Suppose x € if C Bf. We define ry by
starting with r, (k) = x and construct r,(k — i) and r,(k + i) inductively (of course
(k — i) stops at O for T a semi-infinite ray but (k + i) goes on to infinity). For the
sake of concreteness, we prove the existence of such a r,(k 4+ 1). The same argument
applies to (k — 1) and inductively for the rest.

Lemma 5.8. There exists C > 0 such that if ry(k) = x € iz then there exists x' €
’12+1 such that d(x, x") < C. We denote ri(k + 1) = x'.

Proof. Let [a, b] be the maximal connected component of /12 on which x lies. Then
there exist two horospheres Hy and H, such that a € Hj (or is the initial point of A )
and b € Hj (or is the terminal point of Ay ). Since ¢y preserves horocycles, ¢ (a) lies
on a horocycle (or is the initial point of 1x11 ) as does ¢y (b) (or is the terminal point
of Ax+1). Further, the image of [a, b] under ¢y is a quasigeodesic in S x {k+ 1} which
we now denote as ¢ ([a, b]). Recall that @ ([a, b]) is the horo-ambient geodesic in
S x {k + 1} joining ¢ (a) and ¢ (b).

Therefore by (Gromov) hyperbolicity of § @ ([a, b)) lies in a bounded neighbor-
hood of ¢y ([a, b]) (which in turn lies at a bounded distance from Q)Z ([a, b])) and
hence by Theorem 5.2 there exists an upper bound on how much GDZ ([a, b]) can pen-
etrate horoballs, i.e. there exists C; > 0 such that for all z € (DZ([a, b]), there exists
7 e (DZ([a, b)) lying outside horoballs with d(z,z’) < C;. Further, since ¢£’ is a
quasi-isometry there exists C» > 0 such that d (¢ (x), CDZ ([a, b])) < C3. Hence there
exists x’ € @ ([a, b]) such that

o d(¢r(x),x") < C1+C2
e x’ lies outside horoballs.

Again, Ok ([a, b)) lies at a uniformly bounded distance < C3 from Ax4; and so, if
¢,d € Agy1 such that d(a,c) < C3 and d(b,d) < C3 then the segment [c, d] can
penetrate only a bounded distance into any horoball. Hence there exists C4 > 0 and
x" € [c,d] C Ary1 such that

o d(x',x") < Cy
x" lies outside horoballs.

Hence, d(¢r(x),x”) < C1 + Cy + C4. Since d(x, ¢r+1(x)) = 1, we have, by
choosing ri4+1(x) = x”,
d(re(x), rev1(x)) <1+ Cp + C2 + Cy.
Choosing C =1 4 C; + C, + C4, we are through. O

Using Lemma 5.8 repeatedly (inductively replacing x with r, (k 4 i) we obtain the
values of ry (i) fori > k. By an exactly similar symmetric argument, we get ry(k — 1)
and proceed down to ry (0). Now forany i, z € Sx{i} andy € Sx{i+1},d(z, y) > 1.
Hence, for any 7z € S x {i} and y € S x {j},d(z,y) = |i — j|. This gives
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Corollary 5.9. There exist K, e > 0 such that for all x € /12 C Bi’ there exists a
(K, €) quasigeodesic ray ry such that ry(k) = x and ry (i) € /lf foralli.

To fix and recall notation:

e " = hyperbolic geodesic in S" joining a, b

e /. = horo-ambient quasigeodesic in S constructed from A" c S”

e B = geodesic in N joining a, b

. ﬂgmb = horo-ambient quasigeodesic in N obtained from A" by replacement of

hyperbolic by ‘Euclidean’ geodesic segments for horoballs in N*
o Pamb = Ti(Bgp) N Bl

5.7 Proof of theorem for surfaces with punctures

By construction, the hyperbolic geodesic A" and the ambient quasigeodesic % b
agree exactly off horoballs. £, is constructed from ﬁgm » by projecting it onto B; and
so by Theorem 3.1, it is an ambient quasigeodesic. But it might ‘backtrack’. Hence, we
need to modify it such that it satisfies the no backtracking condition. First, observe by
Theorem 5.1 that all three A%, 8% . Bump track each other off some K -neighborhood
of horoballs.

The advantage of working with f,,p is that it lies on B,. However, it might
backtrack.

amb’

Lemma 5.10. There exists C > 0 such thatfor all x € ib C Bf’ C By if A" lies

outside By (p) for a fixed reference point p € Sh and also assummg that in fact the
reference point lies in S, then x lies outside an

C+1

Proof. Since A’ is a part of A", therefore r, (0) lies outside B,(p). By Corollary 5.9,
there exists C > O such that foralli, j € {0,1,2,...},

i = jl =d(rx (@), rx(j)) = Cli — j|

Also, d(x, p) > i since x € yf’ . (Here distances are all measured in N regarded as
a tree of spaces with “successive” vertex spaces separated by distance one.) Hence,

d(x, p) > min{i,n — C(i + 1)}

a

C+1

N

=

This proves the result. O

If x € B, then x € Bff or x € BY for some u. Hence x € B; implies that
either x lies on some horosphere bounding some H € H or, from Lemma 5.10 above,
d(x,p) > & +1 Since famp lies on B, we conclude that S, is an ambient quasi-

geodesic in N such that every point x on S, either lies on some horosphere bound-

C
ing some H € H or, from Lemma 5.10 above, d(x, p) > &7
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McMullen [McMO1] shows (cf Theorem 5.1) that in N”, any such ambient
quasigeodesic fmp lies in a bounded neighborhood of A" U H(A"). We do not as yet
know that S, does not backtrack, but we can convert it into one without much effort.
Let IT denote nearest point projection of N onto " UH (). Then I1(Bums) = f1
is again an ambient quasigeodesic in N. Further, p1 tracks fB,mp throughout its length,
since I1 moves points through a uniformly bounded distance. Now f; might back-
track, but it can do so in a trivial way, i.e. if ] re-enters a horoball after leaving it, it
must do so at exactly the point where it leaves it. Removing these ‘trivial backtracks’,
we obtain an ambient quasigeodesic without backtracking f which tracks S
throughout its length.

Note. On the one hand S is an ambient quasigeodesic without backtracking. Hence,
it reflects the intersection pattern of 8 with horoballs. On the other hand, it tracks
Lamp Whose properties we already know from Corollary 5.9 above.

Since, of # and S", one is an ambient quasigeodesic without backtracking, and
the other a hyperbolic geodesic joining the same pair of points, we conclude from
Theorem 5.2 that they have similar intersection patterns with horoballs, i.e. there exists
Co such that

e If only of § and " penetrates or travels along the boundary of a horoball H, then it
can do so for a distance < Cy.

e If both  and " enter (or leave) a horoball H then their entry (or exit) points are at
a distance of at most C from each other.

Again, since f tracks f,mp, we conclude that there exists C > 0 such that f lies in
a C-neighborhood of f,,,» and hence from Lemma 5.10

e Every point x on f either lies on some horosphere bounding some H € H or,
d(x, p) > "fﬁ —C.

The above three conditions on £ and A" allow us to deduce the following condition
for p".
Proposition 5.11. Let x, A" satisfy the hypotheses of Lemma 5.10. Every point x on

S either lies inside some horoball H € H or, d(x, p) > ’é;cl —C=m(n)

We split " into two parts. 5¢ consists of those points of A" which lie within
horoballs. We set A to be the closure of g — <.
We have denoted ’Z;FCI — C by m(n), so that m(n) — oo as n — oco. The above
Proposition asserts that the geodesic " lies outside large balls about p modulo
horoballs. By Lemma 2.1 this is almost enough to guarantee the existence of a

Cannon-Thurston map. The rest of the necessary work is given below.

Theorem 5.12. Suppose S" is a hyperbolic surface of finite volume. Suppose that
N’ is a hyperbolic manifold corresponding to a representation of w1(S") with-
out accidental parabolics. Let i : S" — N" be a proper homotopy equivalence.
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Theni : S" — ]j\]vh extends continuously to the boundary i SAh — ﬁl If A denotes
the limit set of M, then A is locally connected.

Proof. Let A" be a geodesic segment in S" lying outside B,(p) for some fixed
reference point p. Fix neighborhoods of the cusps and lift them to the universal cover.
Let H denote the set of horoballs. Assume without loss of generality that p lies out-
side horoballs. Let 8" be the hyperbolic geodesic in N’ joining the endpoints of A"
Further, let " = B U ¢ as above. Then by Proposition 5.11, ? lies outside an m (n)
ball about p, with m(n) — oo as n — oo.

Next, let H; be any one of the equivariant collection of horoballs that 5" meets.
By shrinking the cusps in the quotient manifold slightly if necessary, we may assume
without loss of generality that none of the equivariant collection of horoballs contain
p. The entry and exit points « and v of £ into and out of Hj lie outside an m(n)
ball about p. Let z be the point on the boundary sphere that H; is based at. Then for
any sequence x; € H; with d(p, x;) — o0, it follows that x; — z. Let {x;} and
{vi} denote two such sequences on any horoball H; not containing p. Then the visual
diameter of the set {x;, y;} must go to zero. Hence, if [x;, y;] denotes the geodesic
joining x;, y; then d(p, [x;, yi]) — oo. Since, u, v lie outside an m(n) ball, there
exists some function y (independent of Hy), such that the geodesic [u, v] lies outside
a y (m(n)) ball around p, where y (k) — oo as k — oo.

Since the choice of this function does not depend on Hj, which is chosen at random,
we conclude that there exists such a function for all of £¢. We have thus established:

e /3" lies outside an m(n) ball about p.
e (3¢ lies outside a y (m(n)) ball about p.
e m(n) and w(m(n)) tend to infinity as n — oo

Define f(n) = min(m(n), w(m(n))). Then f" lies outside an f(n) ball about p
and f(n) > coasn — oco. _ A e

By Lemma 2.1 : §" — N’ extends continuously to the boundary i : S* — N&.
This proves the first statement of the theorem.

Now, the limit set of S" is the circle at infinity, which is locally connected. Further,
the continuous image of a compact locally connected set is locally connected [HY61].
Hence, if A denotes the limit set of N’, then A is locally connected. This proves the
theorem. O
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